Abstract. Given a Hopf algebra A graded by a discrete group together with an action of the same group preserving the grading, we define a new Hopf algebra, which we call the graded twisting of A. If the action is by adjoint maps, this new Hopf algebra is a twist of A by a pseudo-2-cocycle. Analogous construction can be carried out for monoidal categories. As examples we consider graded twistings of the Hopf algebras of nondegenerate bilinear forms, their free products, hyperoctahedral quantum groups and q-deformations of compact semisimple Lie groups. As applications, we show that the analogues of the Kazhdan-Wenzl categories in the general semisimple case cannot be always realized as representation categories of compact quantum groups, and for genuine compact groups, we analyze quantum subgroups of the new twisted compact quantum groups, providing a full description when the twisting group is cyclic of prime order.
Introduction
Various forms of twisting constructions have appeared in the theory of quantum groups since the famous proof of the Kohno-Drinfeld theorem by Drinfeld [Dri89] , where he studied twistings of quasi-Hopf algebras and showed that the quantized universal enveloping algebras are twists of the usual universal enveloping algebras equipped with the associators defined by the KnizhnikZamolodchikov equation. On the dual side of quantized function algebras, the corresponding procedure for 2-cocycle twisting appeared in a work of Doi [Doi93] , which clarified the relation between the multiparametric deformations of GL(n) by Takeuchi [Tak90] and Artin-SchelterTate [AST91] for different parameters.
In the present paper we study twistings of Hopf algebras by a particular class of pseudo-2-cocycles (meaning that the new coproduct is still strictly associative) and related generalizations. One feature of twisting by pseudo-2-cocycles is that the corresponding tensor category of corepresentations is perturbed in a very controlled way, whereas the 2-cocycle twisting does not change the category at all. Specifically, the new Hopf algebra has the same combinatorial structure of corepresentations in terms of fusion rules, quantum dimensions, and classical dimensions, so that the perturbation is very mild.
The motivation for this paper stems from the previous work of the second and third authors [NY15] which gave quantum group realizations of the Kazhdan-Wenzl categories [KW93] , which are the representation categories of SL q (n) with nontrivial associators given by 3-cocycles on the chain group of the category. It turns out that a similar construction can be carried out starting from a Γ-grading on a Hopf algebra A and an action by the same discrete group Γ preserving the grading. If, moreover, the automorphisms defining the action are adjoint, then the failure of lifting the action to a homomorphism from Γ into the group H 1 (A) of characters of A (with convolution product) gives rise to a pseudo-2-cocycle and therefore to a new associator on the monoidal category of corepresentations of A. By allowing non-adjoint actions, we further expand the scope of our twisting procedure, resulting in categories which have different fusion rules than the original ones. The procedure can also be formulated at the level of monoidal categories. In more detail, our twisting consists of two quite elementary steps. The first step is to take the crossed products (smash products), which give Hopf algebras from group actions on Hopf algebras. In the framework of monoidal categories an analogous construction was given by Tambara [Tam01] . The second step is to take the diagonal subalgebra or diagonal subcategory inside the crossed product (see Section 2 for precise formulations) using the grading. The compatibility between the grading and the action ensures that we obtain a Hopf algebra or a monoidal category as a result.
We provide applications of our framework to two general problems in quantum group theory.
(i) The first is the quantum group realization problem for the Kazhdan-Wenzl type categories, mentioned above. The precise formulation is as follows: given a compact quantum group G and a 3-cocycle c on the chain group of its representation category, is the twisted category (Rep G) c (with associator given by c) still the representation category of a compact quantum group, or in other words, does it admit a unitary fiber functor? Using [NY14b] , we give a necessary and sufficient condition in order that (Rep G) c admits a dimension preserving fiber functor when G is coamenable (Corollary 3.11).
We then show that the analogues of the Kazhdan-Wenzl categories in the semisimple case cannot be always realized as representation categories of compact quantum groups (Corollary 3.13).
In case G is the q-deformation of a compact semisimple Lie group, our procedure for finding pseudo-2-cocycles boils down to a construction of cochains on the dual of the maximal torus with coboundary living on the dual of the center, which has been discussed in [NY15, NY14] . While this might look like a very special construction, we prove, that for q > 0, q = 1, up to coboundaries there are no other unitary pseudo-2-cocycles with the corresponding associator given by a 3-cocycle on the chain group (Theorem 3.12).
(ii) The second problem is the determination of the quantum subgroups of the twisted quantum groups. We provide a full answer if our compact quantum group is obtained as the graded twisting of a genuine compact group by a cyclic group of prime order (Theorem 4.3). This is a wide generalization of the description of the quantum subgroups of SU −1 (2) by Podleś [Pod95] , and complements the previous work of the first author and Yuncken [BY14] on a similar problem for 2-cocycle twistings. Similarly to [BY14] , our analysis is based on a careful study of irreducible representations of the twisted algebra of regular functions.
The paper is organized as follows. Section 1 contains some background material on graded categories and Hopf algebras, group actions and crossed products.
In Section 2 we give a detailed presentation of our twisting procedure, first for monoidal categories and then for Hopf algebras. We then consider several examples arising from Hopf algebras of nondegenerate bilinear forms and their free products.
In Section 3 we specialize to the case of Hopf algebras of regular functions on compact quantum groups and consider more examples coming from free orthogonal and unitary quantum groups, half-liberations of orthogonal and unitary groups, hyperoctahedral quantum groups, and q-deformations of compact semisimple Lie groups. We then discuss the realization problem for the Kazhdan-Wenzl type categories.
In Section 4 we further specialize to Hopf algebras of regular functions on genuine compact groups and study the problem of describing quantum subgroups of the corresponding twisted compact quantum groups.
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Preliminaries
Throughout the whole paper we denote by K a commutative field, and by Γ a discrete group. We consider only vector spaces, algebras, etc., over K. When we talk about * -structures, we assume that K = C.
Graded categories.
A Γ-graded category C is a K-linear category with full subcategories C g for g ∈ Γ, such that any object X in C admits a unique (up to isomorphism) decomposition X ≃ ⊕ g∈Γ X g with X g ∈ C g such that X g = 0 for all but a finite number of g's, and there are no nonzero morphisms between objects in C g and C h for g = h. Let us say that the grading is full if the subcategories C g are strictly full, i.e., closed under taking isomorphic objects. Clearly, any grading uniquely extends to a full grading, and we do not lose generality by imposing this condition.
We say that C is a Γ-graded monoidal category if in addition it is a monoidal K-linear category, such that 1 ∈ C e and the monoidal structure satisfies X ⊗ Y ∈ C gh for all homogeneous objects X ∈ C g and Y ∈ C h .
In the semisimple case there is a universal grading. Namely, assume that C is an essentially small semisimple monoidal K-linear category with simple unit. Then the chain group Ch(C) of C is the group generated by the formal symbols [X] for the simple objects X of C, subject to the relation [X] [Y ] = [Z] whenever Z appears as a subobject of X ⊗ Y . Note that if X is simple and there exists a right dual X ∨ of X, then the class [X ∨ ] defines the inverse of [X] in Ch(C). Of course the left duals have the same property.
The chain group defines a Ch(C)-grading on C in the obvious way: C g consists of direct sums of simple objects X such that [X] = g. The following is immediate by definition. Lemma 1.1. If C is an essentially small semisimple monoidal K-linear category with simple unit, then to be given a full Γ-grading on C is equivalent to be given a group homomorphism Ch(C) → Γ.
The chain group can also be described as follows. For a tensor functor F : C → C denote by Aut ⊗ (F ) the group of natural monoidal automorphisms of F . The following result is more or less known. For the representation category of a compact group G, it reduces to Müger's result [Müg04] which states that Ch(Rep G) is the Pontryagin dual of the center of G, while for the fusion categories it is proved in [GN08] . Proposition 1.2. Assume that C is an essentially small semisimple monoidal K-linear category with simple unit, such that End C (U ) = K for any simple object U . Then there is a natural group isomorphism
where the group structure of Hom(Ch(C), K × ) is given by pointwise multiplication.
Proof. Let φ be a group homomorphism from Ch(C) to K × . We can define a natural transformation ξ φ X : X → X by setting ξ φ X = φ([X])ι X for simple X and extending it to general objects of C by direct sum decomposition into simple objects. The group homomorphism property of φ implies that ξ φ belongs to Aut ⊗ (Id C ). It is straightforward to see that φ → ξ φ is a group homomorphism.
Reversing the above correspondence, starting from ξ ∈ Aut ⊗ (Id C ), we can define a map
Thus, φ ξ is a group homomorphism. It is clear from the construction that ξ → φ ξ and φ → ξ φ are inverse to each other.
Next, let us translate the above to the algebraic framework of representation category of counital coalgebras. Denote by KΓ the group algebra of Γ over K. For a coalgebra A denote by Corep(A) the category of finite dimensional left comodules over A. Recall that a homomorphism of coalgebras f : A → B is said to be cocentral if
holds for any a ∈ A. This condition is equivalent to saying that the image of the transpose map f t : B * → A * lies in the center of the algebra A * of linear functionals on A, endowed with the convolution product.
Lemma 1.3. For any coalgebra A there is a one-to-one correspondence between
Similarly, if A is a Hopf algebra, then there is a one-to-one correspondence between
Proof. This is a routine verification, but let us present a brief argument for the reader's convenience. Assume (i), so that we are given a full Γ-grading on C = Corep(A). It is well-known that every element a ∈ A generates a finite dimensional left subcomodule, namely, the linear span of a φ = φ(a (1) )a (2) for φ ∈ A * . It follows that if we denote by A g the subspace of A consisting of elements that generate subcomodules belonging to C g , then A = ⊕ g∈Γ A g . Moreover, for any φ ∈ A * , the map a → φ a = φ(a (2) )a (1) is a homomorphism of left A-comodules. Since any A-comodule homomorphism of A g to A h is zero for g = h, we must have ∆(A g ) ⊂ A g ⊗ A g , and we obtain (ii).
Next, given a Γ-grading on A as in (ii), we define f : A → KΓ by f (a) = ε(a)g for a ∈ A g . Then f is cocentral. Note that the grading on A is recovered from f by
Finally, given a cocentral coalgebra homomorphism f : A → KΓ, any comodule over A can be considered as a comodule over KΓ, that is, as a Γ-graded vector space. The cocentrality assumption implies that this Γ-grading respects the A-comodule structure. Hence we obtain a Γ-grading on Corep(A).
The equivalence of (i ′ )-(iii ′ ) can be argued in the same way. For example, from (ii ′ ), when a ∈ A g and b ∈ A h , one obtains f (a)f (b) = ε(a)ε(b)gh = ε(ab)gh = f (ab), hence f is a bialgebra homomorphism, thus it is a Hopf algebra homomorphism.
Let us note that if any (or all) of the above conditions (i ′ )-(iii ′ ) holds, the antipode S of A satisfies S(A g ) = A g −1 for each g, since it is the unique linear map satisfying S(a (1) )a (2) = ε(a)1 = a (1) S(a (2) ) and we know that 1 ∈ A e . Moreover, Lemma 1.1 states the following in this setup. If C = Corep(A) for a cosemisimple Hopf algebra A, we have a surjective cocentral Hopf algebra homomorphism A → K Ch(Corep(A)), and any cocentral Hopf algebra homomorphism A → KΓ factors through it.
1.2. Group actions on monoidal categories. Given a group Γ, consider the monoidal category Γ with objects the elements of Γ, no nontrivial morphisms, and with the tensor structure given by the product in Γ. Assume that C is a monoidal K-linear category, and denote by Aut ⊗ (C) the monoidal category of monoidal autoequivalences of C, with the tensor structure given by the composition of monoidal functors. Then a (weak) action of Γ on C is a tensor functor Γ → Aut ⊗ (C), see, e.g., [Tam01] . Spelling out the meaning of this definition, an action of Γ on C is defined by monoidal autoequivalences α g of C and natural monoidal isomorphisms η g,h from α g α h to α gh such that
This can be explicitly written as the equality of morphisms
Note also that the monoidality of η g,h means commutativity of the following diagrams:
where α g 2 denotes the monoidal structure of α g . We will denote an action by a pair (α, η) as above. Replacing the functor Γ → Aut ⊗ (C) by a naturally monoidally isomorphic one, we may, and will, assume that α e = Id C and η e,g and η g,e are the identity isomorphisms. An action is called strict if we have equality of monoidal autoequivalences α g α h = α gh as well as the equalities η g,h = ι for all g and h. An example of a strict action can be obtained by taking C = Corep(A) for a Hopf algebra A and an action of Γ on A by Hopf algebra automorphisms. By Tambara's result [Tam01] , if Γ acts on C, we can construct a new monoidal category C ⋊ α,η Γ over K, analogous to the crossed product construction of Hopf algebras. The underlying linear category is the same as the Deligne product C ⊠ C Γ , where C Γ is the monoidal category over K whose simple classes are given by the elements of Γ. In other words, C Γ = Corep(KΓ) is the category of finite dimensional Γ-graded vector spaces. The monoidal structure of C ⊠ C Γ is given by (X ⊠g)⊗(Y ⊠h) = (X ⊗α g (Y ))⊠gh at the level of objects, and by (T ⊠ι g )⊗(S ⊠ι h ) = (T ⊗ α g (S)) ⊠ ι gh for T ∈ C(X, W ) and S ∈ C(Y, Z). The tensor unit is given by 1 ⊠ e, while the new associativity morphismsΦ are given by
where Φ denotes the associativity morphisms in C.
In what follows we will be particularly interested in actions (α, η) such that α g is naturally monoidally isomorphic to the identity functor on C for all g ∈ Γ. In this case choose such isomorphisms ζ g : α g → Id C , with ζ e = ι, and define natural monoidal automorphisms µ g,h of Id C by
Lemma 1.4. The natural isomorphisms µ g,h satisfy the cocycle identity
. Proof. This follows immediately by multiplying (1.1) on the left by ζ ghk and using the definition of µ.
If C is essentially small, so that Aut ⊗ (Id C ) is a group, then this can be formulated by saying that µ = (µ g,h ) g,h is an Aut ⊗ (Id C )-valued 2-cocycle on Γ, where Aut ⊗ (Id C ) is considered as a trivial Γ-module.
Our main example of this situation is as follows. Consider a Hopf algebra A. We let H 1 (A) denote the group of algebra homomorphisms A → K, with convolution product (µ * ν)(a) = µ(a (1) )ν(a (2) ). Similarly, H 1 ℓ (A) denotes the subgroup of H 1 (A) formed by strongly central (or lazy) elements, i.e., those ω ∈ H 1 (A) such that ω * ι = ι * ω. If A is finite dimensional, so that A * is again a Hopf algebra, then H 1 (A) is the group of group-like elements in A * and H 1 ℓ (A) is the subgroup of group-like elements that are central in A * .
Suppose that we are given a group homomorphism Γ → H 1 (A)/H 1 ℓ (A). Lifting it to a map Γ → H 1 (A) we get a pair (φ, µ), where φ is a map Γ → H 1 (A), g → φ g , and µ is a 2-cocycle on Γ with values in the trivial Γ-module
Note that for g ∈ Γ, we have φ −1 g = φ g −1 * µ(g, g −1 ) −1 , and µ(g, g −1 ) = µ(g −1 , g). Define an action of Γ on A by the Hopf algebra automorphisms
which depends only on the initial homomorphism Γ → H 1 (A)/H 1 ℓ (A). We call such actions almost adjoint.
We then get a strict action of Γ on C = Corep(A), which we continue to denote by α: given a corepresentation δ : V → A ⊗ V , we let α g (V, δ) = (V, (α g ⊗ ι)δ). The autoequivalences α g are isomorphic to Id C . Namely, for every X = (V, δ) ∈ C consider the representation π X of the algebra A * on V defined by π X (ω) = (ω ⊗ ι)δ. Then the morphisms ζ
(1.4) 2. Graded twisting 2.1. Categorical formulation. Let (α, η) be an action of Γ on a Γ-graded monoidal K-linear category C. We say that (α, η) is an invariant action if each α g preserves the homogeneous subcategories C h for all h ∈ Γ.
Definition 2.1. Given an invariant action (α, η) of Γ on C, we denote by C t,(α,η) the full monoidal K-linear subcategory of C ⋊ α,η Γ obtained by taking direct sums of the objects X ⊠ g for g ∈ Γ and X ∈ C g , and call C t,(α,η) the graded twisting of C by the action of Γ. For strict actions we write C t,α .
By construction, C t,(α,η) is equivalent to C as a Γ-graded K-linear category. Identifying C and C t,(α,η) as K-linear categories, we may express the twisted monoidal structure as an operation on C given by X ⊗ α,η Y = X ⊗ α g (Y ) if X ∈ C g . However, in some cases instead of changing the monoidal structure we can change the associativity morphisms in C. Namely, we have the following result.
Choose natural monoidal isomorphisms ζ g : α g → Id C and define a cocycle µ = (µ g,h ) g,h by (1.3). Then (i) there are new associativity morphisms Φ µ on C such that
X ∈ C g , with the tensor structure
Proof. Part (i) follows easily from the cocycle property of µ, but it will also follow from the proof of (ii) (cf. [Dri89] ). For part (ii), in turn, it suffices to check that (F, F 2 ) transforms the associator on C t,(α,η) into Φ µ . Recalling formula (1.2) for the associator on C ⋊ α,η Γ, this amounts to verifying the equality
The assumption that ζ g is a natural isomorphism of monoidal functors implies that (
. Using also that ζ h ζ g = µ g,h ζ gh η g,h , we see that the right hand side of (2.1)
But this equals the left hand side of (2.1) by naturality of Φ.
In the semisimple case the new associativity morphisms can be expressed in terms of usual 3-cocycles as follows.
Proposition 2.3. Let C be as in the previous theorem. Moreover, assume that C is essentially small, semisimple, with simple unit, such that End C (U ) = K for any simple object U . Let q : Ch(C) → Γ denote the homomorphism corresponding to the Γ-grading on C. Then there is a well-defined cocycle c ∈ Z 3 (Ch(C);
for any g, h, k ∈ Ch(C) and any simple object Z ∈ C with [Z] = k.
Proof. By Proposition 1.2, for any s, t ∈ Γ we can define a homomorphism Ch(
Z . This shows that the map c : Ch(C) 3 → K × in the formulation is well-defined. The cocycle identity for c can be checked directly, but it also follows from the pentagon relation for Φ µ , as
Remark 2.4. The cocycle c in the previous proposition does not necessarily descend to Γ. Nevertheless, if Γ is abelian, then c at least descends to the abelianization of Ch(C), since the homomorphism
Z , in the above proof factors through Ch(C) ab . Remark 2.5. Assume (α, η) is an action of Γ on a Γ-graded monoidal K-linear category C. Let us say that the action is equivariant if α g (C h ) = C ghg −1 holds for any g, h ∈ Γ. If α is strict, then C is called a crossed Γ-category over K [Tur10, Section VI]. For any equivariant action we have X ⊗ α g −1 (Y ) ∈ C gg −1 hg = C hg , which implies that X ⊠ g −1 ⊗ Y ⊠ h −1 belongs to C hg ⊠ (hg) −1 . Thus, the objects of the form X ⊠ g −1 for X ∈ C g span a monoidal subcategory C a,(α,η) , which is equivalent to C as a Γ-graded K-linear category. We note that if Γ is abelian, then the notions of invariant and equivariant actions are the same, but the monoidal categories C a,(α,η) and C t,(α,η) are not equivalent in general, see Section 2.3.
2.2. Hopf algebraic formulation. Let A be a Hopf algebra. Assume we are given a Γ-grading
By Lemma 1.3 these assumptions can be formulated by saying that we are given a cocentral Hopf algebra homomorphism p : A → KΓ and an action α of Γ on A such that pα g = p for all g ∈ Γ. We then say that the pair (p, α) is an invariant cocentral action of Γ on A. Any such action defines a strict invariant action of Γ on Corep(A) and therefore we get a twisted category Corep(A) t,α . We want to define a Hopf algebra of which Corep(A) t,α is the corepresentation category.
Consider the crossed product A ⋊ α Γ. We realize it as the tensor product A ⊗ KΓ with the twisted product (a ⊗ g)(b ⊗ h) = aα g (b) ⊗ gh. It is a Hopf algebra with the tensor product of original coproducts ∆(a ⊗ g) = a (1) ⊗ g ⊗ a (2) ⊗ g, the counit ε(a ⊗ g) = ε(a), and the antipode
From this presentation it is straightforward that we have a monoidal equivalence
It is easy to see that the full monoidal subcategory Corep(A) t,α ⊂ Corep(A) ⋊ α Γ is rigid. It follows that the matrix coefficients of corepresentations of A ⋊ α Γ lying in Corep(A) t,α span a Hopf subalgebra of A ⋊ α Γ with corepresentation category Corep(A) t,α . We thus arrive at the following definition.
Definition 2.6. Given an invariant cocentral action (p, α) of Γ on a Hopf algebra A, the graded twisting of A by the action of Γ is the Hopf subalgebra A t,(p,α) of A⋊ α Γ spanned by the elements of the form a ⊗ g with a ∈ A g = {a ∈ A | a (1) ⊗ p(a (2) ) = a ⊗ g} and g ∈ Γ. If p is unambiguous from the context, we will also denote this Hopf algebra by A t,α .
By construction we have Corep(A t,α ) ≃ Corep(A) t,α , but of course no categorical considerations are needed just to define A t,α . Observe that by working with homogeneous components we immediately see that A t,(p,α) ⊂ A ⋊ α Γ is a sub-bialgebra, while the fact that it is closed under the antipode follows from S(A g ) ⊂ A g −1 .
The following description of A t,α is very useful.
Proposition 2.7. The crossed product A ⋊ α Γ becomes a KΓ-comodule by the coaction
the space (A ⋊ α Γ) coKΓ of invariant elements (that is, elements x satisfying x → x ⊗ 1 for the above coaction) coincides with A t,α , and the map
is a coalgebra isomorphism. Moreover, the mapp
Proof. This is easily verified by working with homogeneous components of A.
We now describe the graded twisting operation in terms of pseudo-2-cocycles, when the action is almost adjoint. Recall that a linear map σ ∈ (A ⊗ A) * is said to be a pseudo-2-cocycle (see [EV96] for an equivalent formulation) if it is convolution invertible, the product
is associative with the initial 1 still being the unit, and the bialgebra A σ equipped with the initial coproduct and the new product is a Hopf algebra. The pseudo-2-cocycle σ defines then a quasitensor equivalence (tensor equivalence "minus compatibility with the associators") between Corep(A) and Corep(A σ ), which is a tensor equivalence if and only if σ is a 2-cocycle in the usual sense [Doi93] , see, e.g., [Dri89, Sch96] . Assume that we have an almost adjoint action (p, α) on A as at the end of Section 1.2. Thus α is defined by a pair (φ, µ) consisting of a map φ : Γ → H 1 (A) and a 2-cocycle µ : Γ 2 → H 1 ℓ (A). Recall that µ can be considered as a cocycle with values in Aut ⊗ (Id Corep(A) ) by (1.4). Consider the associativity morphisms Φ µ on Corep(A) defined by µ as described in Theorem 2.2. By that theorem we have a monoidal equivalence Corep(A t,α ) ≃ (Corep(A), Φ µ ). From this get a fiber functorF : (Corep(A), Φ µ ) → Vect K which is the forgetful functor on morphisms and objects, while its tensor structureF 2 :
defines a pseudo-2-cocycle on A such that the twisting of A by this pseudo-cocycle gives A t,α . Let us formulate this more precisely.
Extend the maps φ g and φ −1 g on Γ to KΓ by linearity, so that φ −1
3) is a pseudo-2-cocycle on A, with the convolution inverse given by
Proof. The theorem follows from the preceding discussion, but let us give an explicit argument. Denote by σ ′ the map defined in (i). Recall that if a ∈ A g , we have p(a) = ε(a)g. For any b ∈ A, we thus have
By linearity in a, we obtain that σ * σ ′ is equal to ε ⊗ ε. By a similar argument we also obtain σ ′ * σ = ε ⊗ ε, hence σ ′ = σ −1 as claimed. Next, we claim that for any elements a, b, and c of A, we have
holds for x ∈ KΓ, which is by definition true if x is actually in Γ, and in general follows from that by linearity. This implies
Next, the cocycle property of µ can be expressed as φ x * φ y = φ x (1) y (1) * µ(x (2) , y (2) ), which is again easy to see on group elements. Thus, the above expression is equal to
which by the cocentrality of p is equal to
This clearly implies (2.4).
Recall that the associativity condition for the twisted product in the definition of a pseudo-2-cocycle means that, although the right hand side of (2.4) is not ε(abc), it defines a central 3-form, that is,
But this is an immediate consequence of the cocentrality of p and the centrality of µ(g, h).
We thus get a bialgebra A σ with product given by
If a g ∈ A g , the right hand side becomes
. This shows that A g ∋ a g → a g ⊗ g is indeed an algebra homomorphism from A σ to A ⋊ α Γ, and induces a bialgebra isomorphism A σ ≃ A t,α . Hence A σ is a Hopf algebra as well, and this proves (i) and (ii).
Remark 2.9. It follows from Equation 2.4 that σ is a 2-cocycle if and only if µ is the trivial map, i.e., if and only if φ : Γ → H 1 (A) is a group morphism.
We end the section by discussing the Grothendieck ring of a twisted graded Hopf algebra. Denote by K(A) the Grothendieck ring of the tensor category Corep(A). By the Jordan-Hölder theorem, the isomorphism classes of simple objects form a basis of the underlying group, and in the cosemisimple case it can be identified with the subring of A generated by the characters of the simple corepresentations. An invariant cocentral action (p, α) on A defines an action of Γ on K(A), which is trivial when the action is almost adjoint, and in this case we have K(A) ≃ K(A t,α ) as rings, which follows directly either from Proposition 2.7 or Theorem 2.8. When the invariant cocentral action is not almost adjoint, the coalgebras A and A t,α are still isomorphic, hence their Grothendieck groups are isomorphic. At the ring level, we have the following result, which follows directly from Corep(A) t,α = Corep(A t,α ) as well.
Proposition 2.10. Given an invariant cocentral action
where Γ acts on K(A) by the functoriality of the functor K.
2.3. Invariant cocentral actions by abelian groups. There is a slight asymmetry in our construction. If we start with an invariant cocentral action of Γ on a Hopf algebra, then we get a new twisted Hopf algebra, but an action of Γ is no longer defined on it. This is in itself not surprising, as typically the symmetries of deformations should also deform. The situation is better for abelian groups. Thus, in this section we specialize to the case when Γ is abelian to have an extra symmetry in our construction.
Definition 2.11. We denote by D(Γ) the category whose objects are the triples (A, p, α), where (p, α) is an invariant cocentral action of Γ on a Hopf algebra A, and whose morphisms (A, p, α) → (B, q, β) are the Hopf algebra homomorphisms f : A → B such that qf = p and β g f = α g for any g ∈ Γ.
In other words, the morphisms in D(Γ) are the Γ-equivariant homomorphisms of Γ-graded Hopf algebras.
, where j is the map defined in Proposition 2.7.
Proof. We have a well-defined action of Γ on A ⋊ α Γ by the Hopf algebra automorphisms
By restriction we get the required action of Γ on A t,α .
Given objects (A, p, α) and (B, q, β) of D(Γ) and a morphism f : (A, p, α) → (B, q, β), the natural extension f ⊗ ι is a Hopf algebra homomorphism between the crossed products by Γ, and by restriction we obtain a Hopf algebra homomorphism A t,α → B t,β . Moreover if Γ is abelian, it is a morphism from (A t,α ,p,α) to (B t,β ,q,β) in the category D(Γ). Therefore our graded twisting procedure defines an endofunctor of the category D(Γ), which is, as we shall see soon, an autoequivalence.
Since Γ is abelian, the set of its endomorphisms End(Γ) has a ring structure, with the product given by composition (φ · ψ)(g) = φ(ψ(g)) and the sum given by pointwise product (φ + ψ)(g) = φ(g)ψ(g). Using this structure, one obtains the 'ax + b' semigroup structure on End(Γ) 2 , whose product is given by
Let us show next that there is a right action of this semigroup on the category D(Γ) such that the twisting functor (A, p, α) → (A t,α ,p,α) corresponds to the action by the element (ι, ι) in this semigroup.
If φ ∈ End(Γ) and (A, p, α) ∈ D(Γ), the composition αφ defines again an invariant cocentral action of Γ. Moreover, for each g ∈ Γ, the mapsα g = α g ⊗ ι on A ⋊ αφ Γ define an action on A t,αφ . Thus we can define an endofunctor F a φ on D(Γ) by setting F a φ (A, p, α) = (A t,αφ ,p,α). We need to verify the additivity in φ.
Lemma 2.13. Let φ, ψ be endomorphisms of Γ, and (A, p, α) be an object of D(Γ). Then A t,α(φ+ψ) is naturally isomorphic to (A t,αφ ) t,αψ , given by the map
Proof. The map in the assertion is induced by the Γ-graded coalgebra isomorphisms j : A → A t,α(φ+ψ) and j 2 : A → (A t,αφ ) t,αψ . Hence we only need to verify that it is compatible with the algebra structures.
If a g ∈ A g and b h ∈ A h , one has
Since α φ(g) α ψ(g) = α φ(g)ψ(g) , one sees the compatibility with the algebra structures.
It follows from the lemma that the graded twisting functor is indeed an autoequivalence of D(Γ), with inverse given by the functor (A, p, α) → (A t,α(−ι) ,p,α) , where −ι is the automorphism of Γ given by −ι(g) = g −1 .
As an immediate and useful consequence, we have the following result.
Lemma 2.14. Let (A, p, α) and (B, q, β) be objects in D(Γ). Assume that we have a Hopf algebra map
is an isomorphism if and only if there exists a Hopf algebra map
inducing a morphism (A, p, α) → (B t,β(−ι) ,q,β) such that (f ′ ⊗ι)f and (f ⊗ι)f ′ are the canonical isomorphisms B ≃ B t,0 and A ≃ A t,0 , respectively. As an example, with the automorphism −ι(g) = g −1 , the action of (−ι, −ι) defines an involution on D(Γ).
Examples.
To illustrate the graded twisting procedure, we end the section with examples.
Example 2.16. First let us explain the relation of quantum SL(2) for the parameters q and −q (see [NY15] for the compact case). At the categorical level this can be explained also from the universality of the (2) ). There is a cocentral Hopf algebra map
It is straightforward to check that there exits a Hopf algebra map
which is easily seen to be an isomorphism. Note that the above cocentral action also induces a cocentral action of Z 2 on O(B q ), the quotient of O(SL q (2)) by the ideal generated by c, and that similarly O(B −q ) is a graded twist of O(B q ). In addition, suppose that K contains the imaginary unit i. Since a b c d → i 0 0 −i extends to an algebra homomorphism O(SL q (2)) → K, the pair (p, α) becomes an almost adjoint invariant cocentral action of Z 2 on O(SL q (2)).
Example 2.17. The example of O(SL q (2)) has the following natural generalization. Let E ∈ GL(n, K) and consider the Hopf algebra B(E) defined by Dubois-Violette and Launer [DVL90] : B(E) is the algebra generated by a ij , 1 ≤ i, j ≤ n, subject to the relations E −1 a t Ea = I n = aE −1 a t E, where a is the matrix (a ij ) (for an appropriate matrix E q , one gets O(SL q (2)), see [DVL90] ). Just as before, there is a cocentral Hopf algebra map
Consider now a matrix Q ∈ GL(n, K) such that Q 2 = ±I n and Q t EQ = E. Such a matrix defines an involutive Hopf algebra automorphism α Q of B(E) with α Q (a) = QaQ −1 , and we get an almost adjoint invariant cocentral action (p, α Q ) of Z 2 on B(E). Again a direct verification provides a Hopf algebra morphism
which is shown to be an isomorphism using Lemma 2.14.
Example 2.18. To finish the section with a cocentral action that is not almost adjoint, we examine an example related to free products. Let A be a Hopf algebra endowed with a cocentral surjective Hopf algebra map p : A → KZ 2 . Consider the free product Hopf algebra A * A (as an algebra, it is the free product of A with itself in the category of unital K-algebras). It admits the cocentral Hopf algebra map A * A → KZ 2 whose restriction to each copy is p, that we still denote p. Let α be the Hopf algebra automorphism of A * A that exchanges the two copies of A.
We get a cocentral action (p, α) of Z 2 on A * A, and hence a graded twisting (A * A) t,α . The simple corepresentations of (A * A) t,α can be labeled by the reduced words on those of A (since the same is true for the free product, see [BR16] ), and the fusion rules can be computed from those of A, see Proposition 2.10. Now let A = B(E) as in the previous example. Put F = E t E −1 , and consider the universal cosovereign Hopf algebra H(F ) (see [Bic07] , these are the Hopf algebraic generalizations of the universal compact quantum groups from [VDW96] ), which is the algebra generated by u ij , v ij , 1 ≤ i, j ≤ n, subject to the relations
where u, v are the matrices (u ij ), (v ij ) respectively. We can then directly verify that the correspondence
, where the superscript refers to the numbering of copies inside the free product. To prove that this is an isomorphism, one constructs a cocentral action (q, β) of Z 2 on H(F ): the cocentral Hopf algebra map is q : H(F ) → K, u ij , v ij → δ ij g, and the Z 2 -action on H(F ) is given by β(u) = (E −1 ) t vE t and β(v) = E t u(E −1 ) t . One then checks the existence of a Hopf algebra map
and using Lemma 2.14 we conclude that H(F ) is a graded twist of B(E) * B(E). The details are left to the reader. It seems that the graded twisting picture is the simplest way to describe the corepresentations of H(F ) [Ban97, Bic07, Chi12, BR16] when F is of type E t E −1 .
Several other examples will be examined, at the compact quantum group level, in the next sections.
Compact quantum groups
In this section we specialize to the case of compact quantum groups. In particular, we assume that K = C. We refer the reader to [NT13] for basic terminology.
3.1. Twisting regular functions of compact quantum groups. We work with Hopf algebras A = O(G) of regular functions of compact quantum groups. This simply means that A is assumed to be a Hopf * -algebra such that every finite dimensional corepresentation is unitarizable, or equivalently, A is generated as an algebra by matrix coefficients of finite dimensional unitary corepresentations, see [KS97, Section 11.3.1; NT13, Section 1.6].
We denote the dual algebra of O(G) by U (G). It is a * -algebra, with the * -structure defined by ω * (a) = ω(S(a) * ) for ω ∈ U (G) and a ∈ O(G). More generally, we write U (G n ) for the dual of O(G) ⊗n . We denote by∆ :
map which is the dual of the product O(G) ⊗ O(G) → O(G). We also write Rep G instead of Corep(O(G)), and Ch(G) instead of Ch(Corep(O(G))).
When dealing with compact quantum groups, we require invariant cocentral actions (p, α) to be * -preserving. In other words, we assume that the action satisfies α g (a) * = α g (a * ). Note that we automatically have a * ∈ O(G) g −1 for a ∈ O(G) g . Indeed, such a is of the form (ω ξ,η ⊗ ι)(U ) for a unitary representation U ∈ (Rep G) g and ξ, η ∈ H U , where we put ω ξ,η (T ) = (T ξ, η) for T ∈ B(H U ). The involution is characterized by (ω ξ,η ⊗ ι)(U ) * = (ω η,ξ ⊗ S)(U ), and S(O(G) g ) = O(G) g −1 (see remark after Lemma 1.3) implies a * ∈ O(G) g −1 . Moreover, the corresponding cocentral homomorphism π : O(G) → CΓ becomes a * -homomorphism with respect to the standard * -structure g * = g −1 on CΓ. Indeed, if a ∈ O(G) g , then π(a) = ε(a)g, and since ε is a * -homomorphism, we get π(a) * = ε(a * )g −1 = π(a * ).
In this case the twisted Hopf algebra O(G) t,α is again a Hopf * -algebra, with the * -structure inherited from A ⋊ α Γ. Hence it is the algebra of regular functions on a compact quantum group, which we denote by G t,α .
While in the noncoamenable case it is hard to relate the C * -norms on O(G t,α ) to those on O(G), the reduced norms can be easily related as follows. As is common in operator algebra, from now on we denote the elements a ⊗ g ∈ O(G) ⋊ α Γ by aλ g .
Let us now say a few words about the case of an almost adjoint action. Denote by H 1 (Ĝ; T), resp. by H 1 G (Ĝ; T), the subgroup of H 1 (O(G)), resp. of H 1 ℓ (O(G)), consisting of unitary elements. Then, when talking about compact quantum groups, we assume that an almost adjoint action is given by a pair (φ, µ) such that φ takes values in H 1 (Ĝ; T), while µ is a cocycle with values in H 1 G (Ĝ; T). Given such an invariant cocentral action, we get a cocycle c ∈ Z 3 (Ch(G); T) by Proposition 2.3 and a pseudo-2-cocycle σ ∈ U (G × G) by Theorem 2.8. This pseudo-cocycle is unitary, and in our present notation identity (2.4) becomes
where we view c as an element of U (G 3 ) using the embedding of the function algebra on Ch(G) 3 into U (G 3 ) dual to p ⊗3 : O(G) ⊗3 → (C Ch(G)) ⊗3 , and we omit the notation for the convolution product on U (G n ).
Remark 3.2. The compact group T = H 1 (Ĝ; T) is a closed subgroup of G: the surjective Hopf * -algebra homomorphism O(G) → O(T ) maps a ∈ O(G) into the function that takes value u(a) at u ∈ T . If Ch(G) is abelian, then its dual H 1 G (Ĝ; T) is a central subgroup of T , and the pseudo-2-cocycle σ is in U (T × T ). If furthermore T is abelian, then σ can be regarded as a 2-cochain onT whose coboundary is the inverse of the lift of the 3-cocycle c on Ch(G) toT .
3.2. Orthogonal, hyperoctahedral and unitary quantum groups. In this section we consider some concrete examples of our twisting procedure.
Example 3.3 (Orthogonal quantum groups). Let F ∈ M n (C) be a matrix satisfying F F = cI n , c ∈ R * . Recall that the free orthogonal group O + F [VDW96, Ban96] is defined as follows. The algebra O(O + F ) is the universal unital * -algebra generated by entries of an n-by-n matrix U = (u ij ) i,j subject to the relations U * U = U U * = I n and FŪ F −1 = U , whereŪ = (u
It is easy to check that, as a Hopf algebra, O(O + F ) is the Hopf algebra B((F −1 ) t ) in Example 2.17. The considerations there can be easily adapted: let Q ∈ GL(n, C) be a unitary matrix such that Q 2 = ±I n , Q tF Q =F . We obtain an almost adjoint invariant cocentral action α Q of Z 2 on O(O The category Rep(O + n ) t,α Q is the nontrivial twist (Rep O + n , Φ) for the associator Φ acting on the three-fold tensor product of irreducible representations U a/2 ⊗ U b/2 ⊗ U c/2 by (−1) a+b+c , where U a/2 is the irreducible representation of spin a/2 for a ∈ N.
For n = 2, we have A o (J 2 ) ≃ C(SU(2)), while A o (2) ≃ C(SU −1 (2)), so we recover the twisting of SU(2) into SU −1 (2) in [NY15] .
The above procedure for twisting O + 2m works for any quantum subgroup Z 2 ⊂ H ⊂ O + 2m such that J 2m ∈ H 1 (Ĥ; T). We will have a brief look at two examples of this situation. 
) by the same relations as above.
Example 3.5 (Hyperoctahedral quantum groups). Recall [Bic04, BBC07] that the hyperoctahedral quantum group H + n is defined as follows: O(H + n ) is the quotient of O(O + n ) by the relations u ij u ik = 0 = u ji u ki if j = k. We obtain a twisted hyperoctahedral quantum group H
) by the relations u ij u kl = 0 if i + k = m + 1 and j + l = m + 1, or i + k = m + 1 and j + l = m + 1. Similar considerations also work for the hyperoctahedral series H (s)
n considered in [BCS10] .
Example 3.6 (Unitary quantum groups). Recall that the free unitary quantum group U + n [Wan95] is defined as follows: the algebra O(U + n ) is the universal unital * -algebra generated by entries of an n-by-n matrix U = (u ij ) i,j subject to the relations U * U = U U * = I n andŪ U t = I n = U tŪ , whereŪ = (u * ij ) i,j . The C * -envelope of O(U + n ) is denoted by A u (n). Example 3.7 (Half-liberated unitary quantum groups). We put H = O * n above. The twisted
, i.e., the quotient of O(U + n ) by the relations ab * c = cb * a, a, b, c ∈ {u ij }.
, recently defined in [Ban15] , i.e., the quotient of O(U + n ) by the relations ab * = ba * , a, b ∈ {u ij }.
3.3. Twisting and coamenability. Let us return to the general case of compact quantum groups. Recall that a compact quantum group G is called coamenable if the counit on O(G) extends to a bounded linear functional on C r (G), in which case the C * -algebra C r (G) coincides with the C * -envelope of O(G) and we simply write C(G). In this section we explore implications of coamenability for twisting.
We start with the following simple observation. 
The counit on C r (G t,α ) is the composition of this homomorphism with the counit C * r (Γ 0 ) → C. Hence it is bounded.
If α is almost adjoint, the above result follows also from the fact that G and G t,α have the same fusion rules and the classical dimension functions, see [Ban99] or [NT13, Section 2.7].
Our goal is to show that coamenability puts restrictions on applicability of our twisting procedure. We start with an auxiliary categorical consideration. Let A be an essentially small rigid C * -tensor category. (We assume that the C * -tensor categories that we consider in this section have simple units and are closed under finite direct sums and subobjects.) Consider the set I A of isomorphism classes of simple objects in A. For every s ∈ I A choose a representative U s . For every object U let Γ U ∈ B(ℓ 2 (I A )) be the operator such that its matrix coefficient corresponding to s, t ∈ I is the multiplicity of U s in U ⊗ U t .
Given another rigid C * -tensor category B and a unitary tensor functor F : A → B, the functor F is called amenable if the fusion ring of A is amenable (see [HI98] ) and Γ U = d B (F (U )) for every object U in A, where d B denotes the quantum dimension. It is shown in [NY14b] that once the fusion ring of A is amenable, there exists a universal amenable functor Π : A → P. Furthermore, such a universal amenable functor can be constructed as follows. Assume A is a subcategory of a rigid C * -tensor category B such that Γ U = d B (U ) for all objects U in A. For every object U in A choose a standard solution (R U ,R U ) of the conjugate equations for U in A. Then there exists a unique positive automorphism a U of U in B such that ((ι ⊗ a
is a standard solution of the conjugate equations for U in B. Then as P we can take the C * -tensor subcategory of B generated by A and the morphisms a U , and as Π we can take the embedding functor. In fact, this description of Π : A → P was given in [NY14b, Section 4] for strict C * -tensor categories. But since every category is equivalent to a strict one, it is clear that it remains true in general.
Consider now a coamenable compact quantum group G. Coamenability means exactly that the canonical fiber functor Rep G → Hilb f is amenable. In this case it can be shown, see [NY14, Theorem 2.1], that the universal amenable unitary tensor functor is the restriction functor Rep G → Rep K, where K ⊂ G is the maximal closed quantum subgroup of Kac type, that is, O(K) is the quotient of O(G) by the two-sided ideal generated by the elements a − S 2 (a) for a ∈ O(G).
Before we formulate the main result of this section, let us also introduce another piece of notation. Given a cocycle c ∈ Z 3 (Ch(G); T), denote by (Rep G) c the monoidal category Rep G with the new associativity morphisms such that (
We can also assume that the cocycle c is normalized, c(e, g, h) = c(g, e, h) = c(g, h, e) = 1, without loss of generality. Proof. The first statement is obvious, since the cocentral Hopf algebra homomorphism O(G) → C Ch(G) factors through O(K) by the maximality of K.
Next, consider the Woronowicz character ρ ∈ U (G). For every representation
Then Rep K can be described as the C * -tensor subcategory of Hilb f generated by Rep G and the morphisms ρ U , see the proof of [NY14, Theorem 2.1]. In order to connect this with the above discussion of the construction of amenable functors, recall that ρ U are exactly the morphisms a U we discussed above for the categories Reg G ⊂ Hilb f and a suitable choice of standard solutions in Rep G.
Consider the restriction functor (Rep G) c → (Rep K) c . This functor is amenable, since the new associativity morphisms change neither fusion rules nor quantum dimensions. In order to show that this functor is universal we have to find the morphisms a U relating solutions of the conjugate equations in (Rep G) c and (Rep K) c , and then show that (Rep K) c is generated by (Rep G) c and these morphisms. Given an irreducible representation U of G of degree g ∈ Ch(G) and a standard solution (R U ,R U ) of the conjugate equations for U in Rep G, the pair
is a standard solution of the conjugate equations for U in (Rep K) c is the same as in the case of the trivial cocycle, that is, a U = ρ U .
It remains to show that (Rep K) c is generated by (Rep G) c and the morphisms ρ U . Take representations U and V of G. Then the fact that Rep K is generated as a C * -tensor category by Rep G and the morphisms ρ W means that any morphism U | K → V | K can be written as a linear combination of compositions of morphisms U ′ → V ′ in Rep G and morphisms of the form ι X ⊗ ρ Y ⊗ ι Z . But the same compositions makes sense in (Rep K) c , with any distribution of brackets on X ⊗ Y ⊗ Z. Hence the tensor category generated by (Rep G) c and ρ W contains all morphisms U → V in (Rep K) c . This proves the assertion.
The above theorem can be used to simplify the considerations in [NY14, Section 3.1]. More importantly for the present work, it gives the following. Proof. Since a unitary fiber functor F : (Rep G) c → Hilb f such that dim F (U ) = dim U is amenable, by universality it must factor through (Rep K) c , in a unique up to a natural unitary monoidal isomorphism way. This proves the corollary in one direction, and the other direction is obvious. (It is worth recalling that since (Rep K) c is amenable, any unitary fiber functor (Rep K) c → Hilb f is dimension-preserving.) Therefore if, for example, there are no unitary fiber functor (Rep K) c → Hilb f , then for any twist G t,α of G we cannot have the category (Rep G) c as the representation category of G t,α . 3.4. Drinfeld-Jimbo deformations of compact Lie groups. Consider a compact simply connected semisimple Lie group G and, for q > 0, its q-deformation G q . (In fact, with a suitable definition of q-deformation, everything what follows remains true in the non-simply-connected case.) We denote the coproduct on U (G q ) by∆ q .
Let T be the maximal torus in G which remains undeformed in G q . The center Z(G) of G is well-known to be contained in T , and its dual is P/Q, where P and Q are the weight and root lattices, respectively. It is also known that for q = 1 we have
In particular, we are in the setting of Remark 3.2, so our construction of pseudo-2-cocycles simply produces particular 2-cochains onT = P with coboundary living on P/Q. The following result shows that there is essentially no other way of constructing pseudo-2-cocycles with coboundary living on Ch(G q ).
Theorem 3.12. With the above notation, assume q > 0, q = 1, and c ∈ Z 3 (P/Q; T). Then the following conditions are equivalent:
(iii) there exists a unitary σ satisfying (3.2) obtained by the construction in Theorem 2.8 (for a quotient Γ of P/Q and an action of Γ on C r (G q )); (iv) the lift of c to P is a coboundary; (v) the cocycle c vanishes on ∧ 3 (P/Q) ⊂ H 3 (P/Q; Z). Furthermore, if these conditions are satisfied, then all unitaries σ satisfying (3.2) have the form
where u ∈ U (G q ) is a unitary element and f is a T-valued 2-cochain on P such that ∂f = c −1 .
Proof. The equivalence of (i) and (ii) is a simple consequence of the definitions and is well-known to be true for any compact quantum group and a unitary associator c on its representation category. Since q = 1, the maximal closed quantum subgroup of G q of Kac type is T , see [Tom07, Lemma 4.10] or [NY14, Theorem 3.1]. Therefore by Corollary 3.11, if (i) is satisfied then there exists a unitary fiber functor (Rep T ) c → Hilb f , so by the analogue of equivalence between (i) and (ii) for T instead of G q we conclude that c is a coboundary on P . Thus (i) implies (iv).
The equivalence of (iv) and (v) is proved in [NY15, Corollary A.4]. In [NY15, Theorem 3.1 and Corollary A.4] it is also shown that (iv) implies (iii). Finally, (iii) obviously implies (ii).
Assume now that conditions (i)-(v) are satisfied and choose a T-valued 2-cochain f on P such that ∂f = c −1 . Consider the quantum group G f q obtained by twisting the product on O(G q ) by f , or in other words, by replacing the coproduct on U (G q ) by∆ f q = f∆ q (·)f −1 . Take any unitary σ satisfying (3.2). Then, since f also satisfies (3.2), the unitary Ω = σf −1 is a dual 2-cocycle on
By [NY14, Corollary 3.3], any such cocycle is cohomologous to a cocycle on P , that is, there exist a unitary u ∈ U (G f q ) = U (G q ) and a cocycle ω ∈ Z 2 (P ; T) such that Ω = (u⊗ u)ω∆
The above theorem shows that if ∧ 3 (P/Q) = 0, e.g., G = SU(2) 3 , any choice of c which is nontrivial on ∧ 3 (P/Q) leads to the absence of unitary fiber functors on (Rep G q ) c preserving the classical dimension. This gives a partial answer to the question of existence of fiber functors on (Rep G q ) c raised in [NY15] .
It is still possible, however, that there are fiber functors of a different dimension. Of course, if such functors exist, they are not defined by pseudo-cocycles. Let us show that at least for some q such functors do not exist. Proof. Choose a self-conjugate faithful unitary representation U of G. Denote by the same symbol U the corresponding representation of G q . Choose an interval (a, b) ⊂ R such that dim q U < dim U + 1 for q ∈ (a, b). Then for any unitary fiber functor F : (Rep G q ) c → Hilb f we have dim F (U ) = dim U . But there exists only one dimension function on the representation ring of G with value dim U on the class of U , see the proof of [Was89, Theorem 19] . Therefore F preserves the classical dimension, and by the above theorem we know that such a functor does not exist for q = 1.
Compact groups
In this section we consider genuine compact groups G, and study the problem of describing closed quantum subgroups of G t,α .
4.1. Quantum subgroups. Let us start with a short general discussion of quotients of A t,α . Let (p, α) be an invariant cocentral action of Γ on a Hopf algebra A. The basic construction is the following. Let I be a Γ-stable Hopf ideal of A such that I ⊂ Ker(p), π : A → A/I be the quotient map,p be the induced cocentral homomorphism of Hopf algebrasp : A/I → KΓ, andᾱ be the induced actionᾱ : Γ → Aut(A/I) of Γ on the quotient. Then (p,ᾱ) is again an invariant cocentral action of Γ on A/I. The map π ⊗ ι : A ⋊ α Γ → (A/I) ⋊ᾱ Γ is a homomorphism of Hopf algebras, so by restriction it defines a Hopf algebra homomorphism A t,α → (A/I) t,ᾱ . As π(A g ) = (A/I) g , this map is surjective, so (A/I) t,ᾱ is a quotient of A t,α .
Let us characterize the quotients of A t,α that arise in this manner. For any g ∈ Γ, the restriction of α g ⊗ ι defines a Γ-graded coalgebra automorphism of A t,α . (As we observed in Section 2.3, this is an algebra automorphism if Γ is abelian, but not in general.) We say that a subspace X ⊂ A t,α is Γ-stable if (α g ⊗ ι)(X) ⊂ X holds for any g ∈ Γ. Proof. Using the Γ-graded coalgebra isomorphism j, we put I = j −1 (J). Thus, an element a = g a g with a g ∈ A g belongs to I if and only if g a g ⊗ g belongs to J. We claim that I is a Γ-stable Hopf ideal of A with I ⊂ Ker(p).
The first observation is that I is a coideal, since j is a coalgebra map and J is a coideal. Next, bypj = p, J ⊂ Ker(p) implies I ⊂ Ker(p). Since j intertwines α g with α g ⊗ ι, we also see that I is Γ-stable.
In order to show that I is also an ideal, let us note that since J is a coideal contained in Ker(p), the map J → J ⊗ KΓ, x → x (1) ⊗p(x (2) ), defines a coaction of Γ on J. Hence J decomposes into homogeneous components, so that if a = g a g ∈ A, then the element j(a) belongs to J if and only if each j(a g ) = a g ⊗ g belongs to J. Combining the homogeneous decomposition a = g a g and the antipode formula S(j(a g )) = j(S(α g −1 (a g ))), we see that I is stable under the antipode. Now, suppose that a = g a g ∈ I, and let b = h b h , for b h ∈ A h , be another element. Then for any g, h, we have a g ⊗ g ∈ J, which implies that (a g ⊗ g)(
Thus we obtain a g b h ∈ I, so that I is a right ideal, hence a Γ-invariant Hopf ideal as claimed.
We can therefore form the Hopf algebra (A/I) t,ᾱ as above, and the canonical projection π : A → A/I induces a surjective Hopf algebra map π ⊗ ι : A t,α → (A/I) t,ᾱ . Looking at the homogeneous elements in the kernel, we see that J is exactly the kernel of this projection.
Let us now turn to the case of compact groups. So from now on we assume that K = C and A = O(G), the Hopf * -algebra of regular functions on a compact group G. Then the category Corep(A) = Rep G is semisimple and has a commutative chain group, namely, the Pontryagin dual of the center Z(G) of G. Therefore, since a Γ-grading is given by a homomorphism Ch(G) → Γ and only depends on the (abelian) image of this homomorphism, the group Γ can be assumed, without loss of generality, to be abelian.
We denote by i :Γ → Z(G) the homomorphism dual to Ch(G) → Γ. A function f ∈ O(G) belongs to the homogeneous subspace O(G) g for some g ∈ Γ if and only if f (i(ψ)x) = ψ(g)f (x) holds for any ψ ∈Γ and any x ∈ G. Moreover, the decomposition of f according to the grading
where the integration is with respect to the normalized Haar measure onΓ. This decomposition holds as well for any f ∈ C(G), at least if the convergence of g∈Γ f g is understood in L 2 (G).
Assume next we are given an invariant cocentral action of Γ on O(G). It must be given by a continuous action α : Γ G by group automorphisms leaving i(Γ) pointwise invariant. We denote by the same symbols α g these automorphisms of G and the corresponding automorphisms of C(G), so that α g (f )(x) = f (α −1 g (x)). The coaction of Γ on O(G) ⋊ α Γ defined in Proposition 2.7 can be regarded as an action ofΓ. As Γ is abelian, this is an action by * -algebra automorphisms. Explicitly, this action arises from the action ofΓ on C(G) by translations and from the dual action on C(G) ⋊ α Γ. We denote this combined action by tr ×α, so
Therefore Propositions 2.7 and 3.1 imply that for this action ofΓ on C(G) ⋊ α Γ we have
Note that as any compact group is coamenable, by Proposition 3.9 the quantum group G t,α is coamenable as well, so the notation C(G t,α ) is unambiguous. Finally, the automorphisms α g of C(G) extend to
, this is what we denoted by α g ⊗ ι above.
With this setup, Proposition 4.1 (which is easily seen to remain true for Hopf * -algebras) translates into the following.
Proposition 4.2. Let G be a compact group, Γ a discrete abelian group, i :Γ → Z(G) a continuous homomorphism, and α an action of Γ on G by group automorphisms that leave i(Γ) pointwise invariant, so that we can define the twisted compact quantum group G t,α . Assume J is a Hopf * -ideal in O(G t,α ) such that α g (J) = J for all g ∈ Γ and J is contained in the kernel of the homomorphismp :
In order to formulate our main result we need to introduce more notation. Under the assumptions of the above proposition, define an action of Γ ×Γ on G by homeomorphisms by
Consider the following subsets of G:
G reg = {x ∈ G | the stabilizer of x in Γ ×Γ is trivial},
Our goal is to prove the following theorem.
Theorem 4.3. Let G, Γ, i, α be as in Proposition 4.2, and assume that Γ is finite and i :Γ → Z(G) is injective. Assume also that one of the following conditions holds:
Then there is a one-to-one correspondence between
-Hopf * -ideals J ⊂ O(G t,α ) with O(G t,α )/J noncommutative, and -closed α-invariant subgroups of G containing i(Γ) and an element of G reg .
Remark 4.4. If Γ is a cyclic group of prime order, then
4.2. Classification of irreducible representations. The proof of Theorem 4.3 is based on a classification of the irreducible representations of C(G t,α ). Let us record some C * -algebraic facts that we will use. When A is a C * -algebra, we denote the set of equivalence classes of its irreducible representations byÂ. We need a very particular case of the Mackey-type analysis of crossed product C * -algebras A = C(X) ⋊ Γ [Wil07] . Namely, let X be a compact topological space, and Γ be a finite abelian group acting on X. Then the irreducible representations of C(X) ⋊ Γ are parametrized by the pairs ([x], ψ), where [x] is a class in X/Γ and ψ is a character on the stabilizer group St x of x. The irreducible representation corresponding to such a pair is given as the induction of the representation ev x ⊗ψ on C(Γx) ⊗ C * (St x ) to C(Γx) ⋊ Γ composed with the restriction homomorphism C(X) ⋊ Γ → C(Γx) ⋊ Γ. In fact, all we need to know is that any irreducible representation of C(X) ⋊ Γ factors through C(Γx) ⋊ Γ for some x ∈ X, which is just the first easy step in the Mackey-type analysis.
Recall also that if A ⊂ B is an inclusion of C * -algebras, then any irreducible representation of A appears as a subrepresentation of some irreducible representation of B.
Turning to C(G t,α ), from the above discussion we conclude that any irreducible representation of C(G t,α ) factors through C(G t,α ) → C(Γx)⋊Γ, where x ∈ G and Γx = {α g (x)} g∈Γ . Instead of the Γ-orbit of x it is convenient to consider the larger (Γ ×Γ)-orbit. The point is that the image of C(G t,α ) in C((Γ ×Γ).x) ⋊ Γ coincides with the fixed point algebra (C((Γ ×Γ).x) ⋊ Γ)Γ with respect to the action ofΓ defined by (4.1). It follows that every irreducible representation π of C(G t,α ) factors through (C(O π ) ⋊ Γ)Γ for a uniquely defined (Γ ×Γ)-orbit O π in G. Under the assumption of Theorem 4.3, we just need to consider two types of orbits. Proof. Indeed, the algebra C(Γ×Γ)⋊Γ is the direct sum of the blocks C(Γ×{ψ})⋊Γ ≃ Mat |Γ| (C) over ψ ∈Γ, while the action ofΓ permutes these blocks.
Therefore every (Γ ×Γ)-orbit O in G reg determines a unique up to equivalence irreducible representation of C(G t,α ). Explicitly, for every x ∈ G we have a representation of ρ x of C(G)⋊Γ on ℓ 2 (Γx) defined by ,α ) is the required representation corresponding to O, since it factors through (C(O) ⋊ Γ)Γ and has dimension |Γ|.
Let us also note that since the kernel of the map C(G t,α ) → (C(O)⋊Γ)Γ is α-andα-invariant, the class of the representation corresponding to O is α-andα-invariant.
Next, consider an orbit O in G 1 . Fix a point x ∈ O. Then we have α g (x) = i(B x g )x for a uniquely defined B x g ∈Γ. We thus get a homomorphism B x : Γ →Γ. The bijective map O = i(Γ)x →Γ, i(ψ)x → ψ, intertwines the action of Γ ×Γ on i(Γ)x with the action (g, ψ)η = B x g ψη. Therefore it suffices to understand the algebra (C(Γ) ⋊ Γ)Γ. Proof. If we view elements of Γ as functions onΓ, then (C(Γ) ⋊ β Γ)Γ is spanned by the unitaries u g = gλ g . We have
Therefore we see that (C(Γ) ⋊ Γ)Γ is a twisted group C * -algebra of Γ. If ∧ 2 Γ = 0 or B is trivial, then the corresponding 2-cocycle is a coboundary, and (C(Γ) ⋊ β Γ)Γ ≃ C * (Γ) via an isomorphism q that maps u g into a scalar multiple of λ g ∈ C * (Γ). As C * (Γ) ≃ C(Γ) is abelian, we get the first statement in the formulation, and since the isomorphism q intertwinesβ with the standard dual action on C * (Γ), we get the second statement as well.
Thus, under the assumption of Theorem 4.3, every orbit O in G 1 (which is just G Γ for the case (ii)) gives us a set of |Γ| one-dimensional representations, on whichΓ acts transitively. Note again that since the kernel of the map C(G t,α ) → (C(O) ⋊ Γ)Γ is α-invariant, the action of Γ leaves this set invariant.
To summarize, we get the following classification. 
Then the set C(G t,α ) consists of points of two types:
that is represented by a |Γ|-dimensional representation and is stabilized by Γ ×Γ; namely, the point is represented by ρ x | C(G t,α ) for any x ∈ G reg in the original orbit;
(ii) everyΓ-orbit in G 1 defines aΓ-orbit in C(G t,α ) consisting of |Γ| one-dimensional representations; this orbit is invariant under the action of Γ.
In particular, Γ[π] ⊂Γ[π] for any [π] ∈ C(G t,α ), and the set ofΓ-orbits in C(G t,α ) is canonically identified with the set of (Γ ×Γ)-orbits in G.
4.3.
Classification of noncommutative quotients. We still need some preparation in order to apply our description of irreducible representations to the classification of quantum subgroups. Proof. It suffices to show that O(G)/I admits a faithful representation on a Hilbert space. But this is true, since O(G)/I, being generated by matrix coefficients of finite dimensional unitary corepresentations, is the Hopf * -algebra of regular functions on a compact quantum group. For T ∈ B(H), let T t be the transpose operator acting on H * ≃H. In terms of the latter space, we have T tξ = T * ξ. Then, whenever π is a representation of C(G) ⋊ α Γ, we obtain another representation π ∨ defined by x → π ∨ (x) = π(S(x)) t .
Lemma 4.9. For any x ∈ G reg and ψ ∈Γ, the representation ρ i(ψ) | C(G t,α ) is a subrepresentation of (ρ x ⊗ ρ ∨ x )| C(G t,α ) .
Proof. Since the counit of C(G) ⋊ α Γ coincides with ρ e , the lemma is true for ψ = e ∈Γ. But since ρ i(ψ) = ρ eαψ , ∆α ψ = (α ψ ⊗ ι)∆ and ρ x ∼ ρ xαψ by Proposition 4.7(i), the lemma is then true for any ψ.
Proof of Theorem 4.3. Assume that J ⊂ O(G t,α ) is a Hopf * -ideal with O(G t,α )/J noncommutative. We want to apply Proposition 4.2 and for this we have to show that J is α-invariant and contained in the kernel of the homomorphismp : O(G) ⋊ α Γ → O(Γ). We start by establishing the second property. First we note that on O(G t,α ) the homomorphisms O(G) ⋊ α Γ → O(Γ) given by f λ g → f (e)g and f λ g → f i coincide. Therefore on O(G t,α ) the homomorphismp can be identified with ⊕ ψ∈Γ ρ i(ψ) .
By Lemma 4.8, there exists an irreducible representation π of C(G t,α ) such that J ⊂ Ker(π) and π(C(G t,α )) is noncommutative. Since J is a Hopf ideal, we have J ⊂ Ker(π ⊗π ∨ ). As π cannot be one-dimensional, by Proposition 4.7 the representation π must be equivalent to ρ x | C(G t,α ) for some x ∈ G reg . But then ⊕ ψ∈Γ ρ i(ψ) | C(G t,α ) is a subrepresentation of π ⊗ π ∨ by Lemma 4.9, hence J ⊂ Ker(p). It follows, in particular, that J is invariant under the coaction of Γ, that is, under the dual actionα ofΓ.
In order to prove that J is α-invariant, by Lemma 4.8 it suffices to show that if π is an irreducible representation of C(G t,α ) with J ⊂ Ker(π), then J ⊂ Ker(πα −1 g ). But this is clear, since we already proved that J isΓ-invariant, and Γ[π] ⊂Γ[π] by Proposition 4.7.
Therefore by Proposition 4.2 the Hopf * -ideal J is defined by a unique closed α-invariant subgroup H of G containing i(Γ), so that O(G t,α )/J = O(H t,α ). By the above argument ρ x | O(G t,α ) factors through O(H t,α ). This is possible only when x ∈ H. Example 4.10. As a first illustration of Theorem 4.3, let us give the description of the nonclassical quantum subgroups of SU −1 (2), due to Podles [Pod95] . Recall first from [NY15] and Example 3.3 above that SU −1 (2) can be obtained from SU(2) by our general twisting procedure, via the Z 2 -action a b c d → a −b −c d .
Therefore the non-classical quantum subgroups of SU −1 (2) correspond to the closed subgroups of SU(2) containing {±I 2 }, stable under the previous Z 2 -action and containing an element a b c d with abcd = 0.
Example 4.11. Let ξ ∈ T be a root of unity of order N ≥ 2, and consider the compact quantum group U ξ (2), which is the compact form of GL ξ,ξ −1 (2) [Tak97] . Thus, O(GL ξ,ξ −1 (2)) = O(U ξ (2)) is generated as a * -algebra by the elements (u ij ) 2 i,j=1 subject to the relations u i2 u i1 = ξu i1 u i2 , u 2k u 1k = ξ −1 u 1k u 2k , u 21 u 12 = ξ −2 u 12 u 21 , [u 22 , u 11 ] = 0, and that the matrix u = (u ij ) 2 i,j=1 ∈ M 2 (O(U ξ (2)) is unitary. It is well-known [Tak97] that GL ξ,ξ −1 (2) is a cocycle twisting of GL(2). One can also check that this cocycle arises from our recipe in Section 3. To be specific, let g be a generator of Z N , and consider the Z N -action
The Pontryagin dual of Z N embeds into the center of U(2) in such a way that the defining representation u of U(2) has degree g. Then it follows from the definition that the resulting twisting of U(2) is U ξ (2). At N = 2, i.e., ξ = −1, the description of the non-classical quantum subgroups of U −1 (2) is similar to the one given for SU −1 (2) in the previous example. The subset U(2) Z N consists of the subgroup of diagonal matrices. If we further assume that N is odd, we have a decomposition U(2) = U(2) reg ∪ U(2) Z N . Thus, in this case Theorem 4.3 implies that the non-classical quantum subgroups of U ξ (2) correspond to the closed subgroups of U(2) stable under the operations
and containing a nondiagonal element.
Remark 4.12. Note that although U ξ (2) is a cocycle twisting of U(2) in the usual sense, the techniques of [BY14] do not work well for this example, because C(U ξ (2)) does not have any irreducible representation of dimension N 2 (the order of the twisting subgroup Z N × Z N ), which would be required to apply Theorem 3.6 in [BY14] , and here our present graded twisting procedure is better adapted to the study of quantum subgroups. In yet another direction, note as well that [Gar10] (where a different convention for parameter α is used than in [Tak97] ) also studies quantum subgroups of GL α,β (n) under certain restrictions on (α, β), but the framework there is strictly that of non semisimple (and hence non compact) quantum groups, and these results do not apply to U ξ (2).
Example 4.13. Let τ = (τ 1 , . . . , τ n−1 ) ∈ µ n−1 n and consider the quantum group SU τ (n) defined in [NY15] , corresponding to the graded twisting of SU(n) associated to the cocentral Z n -action given by the embedding of Z n into the center of SU(n) and by α(u ij ) = γ i γ −1 j u ij , where γ i = 1≤r<i τ r . It follows from Theorem 4.3 that if n ≥ 3 is prime, the non-classical quantum subgroups of SU τ (n) correspond to the closed subgroups of SU(n) stable under the operations
where ξ is a root of unity of order n, and containing an element g = (g ij ) with γ i γ −1 j = 1 for some indices i, j.
